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Abstract

The study explores the dynamics of a COVID-19 epidemic in multiple susceptible populations, including the various
stages of vaccination administration. In the model, there are eight human compartments: completely susceptible;
susceptible with dose-1 vaccination; susceptible with dose-2 vaccination; susceptible with booster dose vaccination; exposed;
infected with and without symptoms, and recovered compartments. The biological feasibility of the model is analysed. The
threshold value, R0 , is derived using the next-generation matrix. The stability analysis of the equilibrium points was
performed locally and globally using the threshold parameter of the model. The conditions determining disease persistence is
obtained. The model is subjected to sensitivity analysis, and the most sensitive parameters are identified. Also, MATLAB
is used to verify the mathematical outcomes of the system’s dynamic behaviour and suggests that necessary steps should
be taken to keep the spread of the omicron variant infectious disease under control. The findings of this study could aid
health officials in their efforts to combat the spread of COVID-19.
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1. Introduction

SARS-CoV-2 or Coronavirus-19 was officially declared a global epidemic in March 2020, affecting and
changing human life worldwide. It has only been recently that many countries have started investigating the
origins of the new coronavirus. Some of its characteristics complicate the detection of epidemic breakouts;
among them is the large number of people who are asymptomatic but can infect others. Furthermore, the
number of hospitalised patients with COVID-19 increases asymmetrically with age; it is almost innocuous for
teenagers and young adults. However, it is hazardous for the elderly, especially in conjunction with other conditions;
it has caused more than 103
deaths in Italy, accounting for more than 3 million infections; The average age of COVID-19 patients who died

Italy was 81. Social distancing, face masks, lock-downs, self-isolation/quarantine, contact tracing, and vaccination
administration are all effective techniques for avoiding the spread of this virus. The Centers for Disease Control and
Prevention have designated this pandemic as a public health issue. Approximately six feet apart, droplets are the
means of transmission caused by coughing, sneezing, and talking. The Spanish Flu (1918 to 1920) and the Ebola
epidemic (2014 to 2016) are examples of historical pandemics that have impacted human health and economic
development [1-4]

The Indian government has approved four vaccinations: Covishield, Covaxin, Sputnik V, and spikevax. The Indian
government began vaccinating individuals with the help of the National Expert Group on COVID-19 Vaccine
Administration (NEGVAC), intending to vaccinate 300 million people in 180 days and complete the process by
August 2021. The vaccination was administered to people in three phases. The first phase vaccination programme,
which began on January 16, 2021, was only for health and front-line workers and was completed by April 3, 2021.
The phase two vaccination programme began on March 1, 2021, and was mainly for people over 45 years old with
other health complications and 60+year-old adults. Finally, the Phase 3 vaccination programme was opened to all
adults over 18 years on May 1, 2021, after the second wave hit the country in April 2021 [5-8].

There were many variants of COVID-19 as announced by WHO, namely the alpha variant spreading to many
countries in late 2020, the variant beta(B.1.351) dominant in many parts of southern Africa, the Gamma variant (P.1)
dominant in the U.S and Brazil in January 2021, the Delta variant (B.1.617.2) dominant in many countries including
India from December 2020, variant Mu(B.1.621) dominant in South Africa and other countries from January 2021,
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R.1 variant dominant in Japan in March 2021, omicron variant(B1.1.529) dominant in South Africa, India and U.S
from November 2021 onwards [9].

A model for tracking and predicting the intensity of the virus is required to plan for future outbreaks and alert
administrations and communities about what can be done today to prevent transmission and infection. We can model
and track current outbreak trends to prepare for future breakouts. This measure will help prevent the next coronavirus
outbreak from being as severe. Global health decisions are made better with mathematical models that allow us
to understand epidemiological patterns. Epidemic transmission patterns remain challenging to predict because a
mathematical system is contingent on the presence of its solutions. Data is frequently skewed, delayed, or erroneous,
and obtaining quality data is one of the most challenging tasks. Furthermore, traditional epidemic models assume that
epidemic transmission occurs without interventions, a rare event. Keeping track of daily activities and travel, which
intertwine with the spread of infection, makes it more challenging. Furthermore, there are far too many occurrences
in hospitals where the interaction rate is more significant than in the general population. This cannot be ignored
anyhow. Another difficulty here is estimating the epidemic model’s parameters. To fully understand, capture, and
predict the transmission of infectious illnesses, epidemiologists must continue to use mathematical models. Recently,
there has been much research and development into understanding and predicting COVID-19. Using mathematical
formulations to model the transmission of infectious diseases like COVID-19 is a well-established approach to
analysing individuals and their infections in communities. Several studies have been published examining the
dynamics of the COVID-19 epidemic worldwide [14—28,30,32,35-39,41-50,52—-55,57-83]. Vaccination’s impact
on the spread of COVID-19 has been the subject of several articles [40,51]. During the second wave of COVID-19,
mathematical models involving multiple susceptible compartments with each susceptible compartment containing
individuals at varying phases of vaccination were the least explored. We present a compartmental mathematical
model that includes multiple susceptible compartments corresponding to distinct vaccination stages.

The mathematical model is described and formalised in Section 2. The Section 3 examines the model’s essential
characteristics. The system’s equilibrium points are determined in Section 3.3, and the criteria for its existence are
specified. The disease-free equilibrium is discussed in Section 4, and the endemic equilibrium point is examined in
Section 5. A bifurcation analysis is conducted in Section 6. In Section 7, the sensitivity analysis is carried out, and
the parameter with the most sensitivity index is identified. The parameter estimation is performed in Section 8. The
numerical simulations are performed in Section 9 and finally, in Section 10, all of the results have been summarised.

2. Construction of novel COVID-19 model

The COVID-19 model’s population is organised into eight classes, namely, the susceptible population without
vaccination (Sp), the susceptible population vaccinated with dose 1 (S;), the susceptible population vaccinated with
dose 2 (S2), susceptible population with a booster dose (S3), exposed population (E£), infected and asymptomatic
population to omicron variant induced COVID-19 disease (/4), infected and symptomatic population to omicron
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variant induced COVID-19 disease (/s) and the recovered population from omicron variant induced COVID-19
disease (R). The following assumptions are included in the model:

The total population M = So + S + S, + S3+ E + Iy + Is+ R is assumed to be constant, while the individual
compartment populations vary over time. It is assumed that dose-1 vaccination is given to non-vaccinated susceptible
individuals, dose-2 vaccination is given to dose-1 vaccinated susceptible individuals, and a booster dose vaccination
is given to dose-2 vaccinated individuals. The omicron variant viral infection is assumed to exclusively affect
those who have not had either dose-1 or dose-2 of vaccination, and it does not affect people who have received
a booster dose. Individuals’ disease-related deaths were assumed to occur mainly in the infected but symptomatic
compartment, and only natural death occurs in the remaining compartments. It is assumed that when non-vaccinated
individuals have contact with infected but asymptomatic individuals, they get exposed to the infection with the
transmission coefficient given by 150 /4. When susceptible dose-1 vaccinated individuals have contact with infected
but asymptomatic individuals, they get exposed to the infection with the transmission coefficient given by B2Si/4.
When susceptible dose-2 vaccinated individuals have contact with infected but asymptomatic individuals, they get
exposed to the infection with the transmission coefficient given by B3S2/4. It is assumed that those who recover
will be immune to the disease for the rest of their lives. It is supposed that the people who are exposed to the
infection are asymptomatic of the disease after testing positive for the disease and moves to an asymptomatic
infected compartment with the transmission coefficient given by y £ and following the appearance of symptoms,
the infected individual transfers to the symptomatic infected compartment, with &; 174 as the transmission coefficient.
The individuals who are recovered from both asymptomatic and symptomatic infections due to supportive care
treatments available for COVID-19 disease in hospitals under isolation are recovered and moved to the recovered
compartment with a transmission coefficient given by 8274 and 01 /s respectively. Symptomatic infected individuals
are assumed to be isolated and undergo supportive care treatments in hospitals, so these individuals do not spread
the disease. The omicron variant-induced COVID-19 pandemic model is formulated as below.

So =A - Bi1Sols — (a1 + €)Sp.
St =018 - BaSily — (02 + §)S).
S2 = 0281 = B3S2l4 — (a3 + §)Ss.
S3 = G3S2 - §S3

E" = (B1So + BaS1 + B3S2)ly = (Y + OE. 1
I'a=yE - (8 +0,+8l.
I's =811y — (01 + 02 +§)Is.
R =8,I,+0,I3 - ER.
The preliminary conditions are given by
0 < Si(0) <=,0 < E(0), 14(0), Is(0), R(0) < =,i =0,1,2,3. @)

In our model, the flow diagram of the omicron virus transmission in the human population is presented in Fig. 1.

3. The fundamental characteristics of the model

3.1. The characteristic of non-negativity in solutions

It is essential to show that for all time ¢ = 0, each solution of system (1) with preliminary conditions (2) remains
non-negative.

Theorem 1. For any t 2 0, each solution of system (1) with preliminary conditions (2) is non-negative.

Proof. Using the first equation of (1) with initial condition (2), we get
S() =A-Bils+c1)So>-Bily +c1)So. 3)
As a result, after integrating, we obtain,

I,
So(t) > So(0)e™ wB1lared > 4)
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Fig. 1. Virus transmission diagram of the system (1).

Similarly from the remaining equations of (1) utilising the initial conditions (2), we get

Si(t) > S;(0) e’Jé(BZIA+CZ)d’ >0,

S>(t) > S,(0) e~ iB3Lsrend 5

S5(1) > S5(0) e& >0,

E(t) 2 E(0) e~ 20, )

Li(t) 2 1,(0) e 20,

Is(t) 2> I5(0) ect >0,

R(t) 2 R(0) e ¥ 2 0.
where ¢ = a1 +&, c2 = +§, 3 =a3+8, ca =y +§, s =8 +82+§, ¢g = 01 +02+E. Hence,
0 <S8i(t) <o, 0L E(t), L), Is(t), R(t) <,i =0,1,2,3. ©

3.2. Invariant region and uniform boundedness of solutions

We will now prove that all of system (1)’s solutions are bounded uniformly and there exist solutions to system
(1) of R:‘_ in a positively invariant region.

Theorem 2. The system (1)’s solutions with preliminary conditions (2) are bounded uniformly in R:‘_ and
are confined to the region A = {(So,S1,8,8,E,Li,Is,R) € Ry : 0 < M < %} as t — ©0, where
M=8So+S1+S8S,+8S3+FE+[,+]g+R.

Proof. Let M = So+S; + S, +S3+E + 1y +1Is+ R, where M = M(t) is the total population at time ¢. For
m > 0 we have,

dM
I +mM=A—(E —m)—oals < A. (6)

if and only if m £ §. Using differential inequality theory [31], we can arrive at the following conclusion:
A
0<M=<—(1—e™)+ M@0y ™. (7)
m

which yields 0 < M < Aast — oo withm < €. Hence system (1)’s solutions with preliminary conditions (2)

m

starting in Ri are bounded uniformly and limited to the region A = {(So, 1,5, S5, E, L+, Is,R) € RE : 0 <
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M(t) £ %}, where m < §. As a result, the closed region A is positively invariant, and all system (1)’s solutions

are bounded uniformly. O

Remark 1. All of system (1)’s solutions with preliminary conditions (2) have non-negative components in A for
t 2 0 and are globally attracted in R}. As a result, the system (1) with preliminary conditions (2) defined on
A= {(So,S1,8,8,E, I4,Is,R) € Rf_ D0 < M@ < %}, where m < £ is well-posed mathematically and

epidemiologically. We will investigate the dynamics of system (1) without the recovered compartment defined on
the invariant region A = {(So, S1, 82, 85, E, Iy, Is) € Rl 0= M(@t) < %}, where m < &, because the recovered

compartment of individuals is independent of other compartments.
3.3. The system’s equilibrium points

The equilibrium points for the system (1) are as follows

Ay 0 —

1. Disease free equilibrium (DFE) point Py = (S9, S, 89, 89, E°, 19, 1Y), where, S§ = ﬁ,S? = e S
?IO:';;),S(; = ‘2?['?;::371;0 =0,19=0,19=0.Here, ci =01 +§, co =2 +&,c3 =03 +&, ca =y +§,

cs =01 +02+8,c6 =01 +02+§

. el e . _ _ A _
2. Endemic equilibrium (EE) point P; = (S, ST, Sy, S5, E, I, I5), where S5 = €1+Bl4: ST =
Aal S* = Aala2 S* = Aala2a3
(c1+B 1) (c2+B2ry) * 72 (c1+B 1) (c2+Bary)(c3+B3ry) * 73 (c1+B 1) (c2+B2rh)(c3+B3I7E

Ee = [Pyl B fteiaohst @) +I4 6 & 1Tt ft GBI _ GY
S calep +B17 1) fatir 7 e 3 4p30%) 1 <
simplifica tion,we get the polynomial e quation

ks T% + koI5 + ke T + kg = 0. (8)

From the sixth equation of (1) after

where
[

ko = cicaczeqes 1 —

(cre3B) + 3o By + Oflofzﬁ_w):’hf’w
CicaCAcacs !

ki = cacs [cae3Br +cresPa + creaBz] — YA [e3BiB2 + c2B1Bs + aiB2Bs], Q)

ko = cacs [c3BiB2 + c2B1B3 +c1B2B3] — BiB2B3YA,
k3 = cacsP1B2PBs.

Clearly, k3 > 0 and if we set Ry = ‘24f '*fff;f(ﬁq‘“zﬂ DAY then ky < 0 whenever Ry > 1. The above
polynomial in [ has three roots and by Descartes rule of sign, the polynomial has either one or three
positive real roots for all possible combination of signs of k1 and k». As a result, the polynomial (8) always
has at least one positive root if Ry > 1. Hence if Ry > 1 then [} > 0 always and hence S, ST, S5, S%, E Ik
belong to R*. As a result P; always exists if Ry > 1.

4. Stability analysis on DFE

4.1. Next generation matrix method

The mean number of secondary infections induced by a single infection is known as the Basic Reproduction
Number (BRN). It is one of the most important threshold values for mathematically expressing a virus infection’s
spread.

At a given point P = (So, S1, S2, 83, E, L4, Is), the Jacobian matrix of the system (1) is given by J(P) as
follows:

(Cpoz4 0 0 0o O —B1 So )
| ([310 c1) —(B2l4 + c2) 0 0 0 -B2 S 8 1
I 0 a; -Bslitcs) O 0 —B3 S o |
J(Py =1 0 0 o -¢ 0 0 o I (0
1 Bl B2L Bs L4 0 —ci (BiSo+BaSi+B:S) 0 |
0 0 0 0O vy —cs o,
0 0 0 (0] 0 0 —Cg¢
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Py’s stability corresponds to eigenvalues of J(P)’s characteristic equation at Py being of negative real parts, as

confirmed by the BRN computed using the next-generation matrix approach. Let us assume x

So, S1, S2, S3)T and hence the system (1) is expressed as
x.=F-V.

where

( 180 + B> 1+ﬁ%52\
I 0
Flx) = 0
0
1
I 0 ,
0
and
C4E
—VYE+csly
I =01 *+ cels I
Vx)=1 -A+Bi1Sols+c1So 1.

I —ay Sy + BaSi s + 281 |
I — S *+ B3Sly + 38, I
\ >
—a3 S, + 8§53
The Jacobian matrices of F(x) and V(x) at Py are as follows.

0 Al caeatihoy catfaa o) 0

€1eac3

F=1o 0 0
0 0 0
and
Cy O 0
V = ¥ Cs 0
0 —51 Cq

The next generation matrix for system (1)is given by

yAB ez Hhaicstfioon)  (Bioc+bocsHpiees)A 0

) o €] C2030405 €1C20305
FV™ = 0 0 0
0 0 0

The spectral radius p (F V7') of F V! is the BRN given as follows:

yA(Bicacs + Braycs + fraan)
C1020304C5 '

R0=

where ¢

4.2. The analysis of Po’s local stability

ar+§, 2=+, 3= +8,ca=y+g,c5=0; +d +¢.

(E, Is, Is,

(1)

(12)

In this part, we investigate the local asymptotic stability (LAS) of the disease-free equilibrium point Py.

Theorem 3. The point Py of system (1) is LAS whenever Ry < 1 and is unstable if Ry > 1.
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Proof. The jacobian matrix evaluated at Py of the system (1) is

—; 0 0 0 0 Ll 0
a —c; 0 0 0 Ll 0
0 @ -3 0 0 e 0
JR)=10 0 a5 —-E O ) 0 (13)
BrA o A faoonA
0] 0 0 0 v —cs 0
0 0 0 0 0 (S] 7Cﬁ}
J(Po) has the following characteristic equation
|J(Po) =N | = 0. (14)

Hence, we get the polynomial in A, say

A+c)N+ QA+ c2)A+co)N+ce3) [(c2e3Br +e3a1Br +0102B3)YA —crcaes (A +ca)(A+¢5)] =0. (15)
The five eigen values of the characteristic equation are given by A = —¢; < 0, A= =&, A= —¢c2 <0, A=—¢c6 <0
and A = —¢3 < 0. The remaining two eigen values of the characteristic equation are given by the equation

(c2e3B1 +c3a1B2 + a102B3)YA —cicaes(A + ca)(N +¢5) = 0. (16)
After simplifying the above equation, we get

AN +aA+a, =0. amn
where

ay =c4 toes.

(

B (c2c3 By + e300 B> Jr“l“zﬁ_%)%’l) (18)
ay — C4Cs -

C1C203C4C5
= c4c5(1 — Ro).

Clearly a1 > 0 but a > 0 if and only if Ry < 1. Hence, Po is LAS if Ry < 1 and unstable if Ry > 1 according to
Hurwitz—Routh criterion [29]. O

4.3. The analysis of Po’sglobal stability

We analyse the global asymptotic stability (GAS) of Py based on the value of Ry using the conditions in Castillo-
Chavez method [34] in this section. To prove the GAS of Py, the feasible region A = {(So, S1, S2, S3, E, I+, Is) €
A S <59, 8 £59,8, £S89} is used. Firstly, the region A1’s positively invariant property is established.

Theorem 4. For the omicron system (1), the region Ay = {(So, S1, S2, S3, E, Li, Is) € A1 So £ 89,8 <89, 8 <
Sg} is a positively invariant set.

Proof. From system (1), we obtain
So=A- Bi1Sols —c1So

19
< A —C1 So . ( )

Hence we get,
So(t) £ 8§ = (S§ = So(0))e . (20)

If So(0) € Ay, then S5(0) < SJ. Therefore So(z) £ S§ = (S§ — Sp(0))e! £ 83 V¢ 2 0. Similarly, we deduce from
second and third equations of system (1), Si(¢) £ S? and Sy(¢) £ 89, V¢ 2 0 if the initial conditions S;(0) € A,
for i = 1,2. As a result, the region A is positively invariant set which attracts all of the system (1) solutions in
Rl. o
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Theorem 5. [f Ry < 1, Py is GAS in A;.

Proof. The system (1) is written as

X =KX, 1)

Where, dot denotes differentiation with respect to t in this context and X = (So, S1, S2, S3)7, I = (E, I, Is)T,

A—BiSoda — 180

, , , S S S 4 — cyE
0180 — PoSils — 28, (B1So + P28t + BaSa)la — ¢y

KD =| oo s L(X,1)= ;";‘ __Ccﬁf}«,
0.5, — £, 114 — cols
Furthermore
v ) )
~e BB B 0 P58 = 500 + Ba(s? — 510+ Ba(s§ - 5204
A=y —Cs 0, LX,1)= 0 ,
o A, "6 ’
A—c 8
| a1 —ICz(:S'l ‘ 0 A
Kx,n| =0T L) = [0, where 4 = DL(X*,0), L(X.1)= Al - L(X, D)
|I=O @28 — 3% ‘1:0 0
3 S) — E85;3

dt

from the other equations of 2¥ = K (X, 0), we get ;1—i>n>1c51 (1) = 89, tl—i>nolcS2(t) = 89 and tl_i)n;CS3(t) = S9. The

Solving the system 4% = K (X, 0), we get So(¢) = % + (So(0) - %)e“"’ and hence !lim So(t) = S and similarly

dr
solutions of 2X = K (X, 0) do not depend on the initial conditions S;(0), i =0, 1,2, 3. As a result, the asymptotic
nature of the solutions S; (¢), i = 0, 1, 2, 3 is independent of the preliminary conditions in A, ensuring the global
asymptotic stability of the equilibrium point X* = (%, WA agmd Axoe3y g hence the first condition of the

crey’ epeaes’ Eejeacs

Castillo-Chavez method [34] is satisfied. Further in A1, So £ S, S1 £ 59, S> £ 59 and hence
B1(S) = So) + B2(SY = S1) + B3(SY —S2) 2 0. (22)
This implies that

Lx, 1) 20. (23)
which satisfies the second condition of the Castillo-Chavez method [34]. As a result, Py is GAS if Ry <1. O

5. Stability analysis of EE

In this section, we analyse the local asymptotic stability (LAS) and global asymptotic stability (GAS) of the
endemic equilibrium (EE) point P;.

5.1. The analysis of P1’s local stability

Theorem 6. The EE point Py of the system (1) is LAS if Ry > 1 and all of the conditions in the proof are met.

Proof. The Jacobian matrix of system (1) at P; is

—. T 0 0 o O —B1 Sy )
I (¢ " Bllj) —(c3 —+ [32]:) 0 1) 0 _stT g T
I 0 a (s FBD o 0 B33 0 |
J(P) =1 0 0 o -€ 0 0 o | 24)
| B. 17 B I} B3Iy 0 —ca BiS§+BSTtBS o}
\ 0 0 0 o} Y —cs 0,
0 0 0 (0} 0 0 —cC¢
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The determinantal equation of (24) is given by

lJpy-111 =o0. (25)
Hence we get the polynomial in T, say

(Tt co)T + @ + B 1" + B,1° + Byt + B,1 + Bs) = 0. (26)
The two latent roots of (26) are T = —c¢ < 0 and T = —¢ < 0. The remaining latent roots of (26) are analysed

using the polynomial equation

°+ B 1"+ B,7° + B3>+ By1 + Bs = 0. 27
The coefficients of (27) are as follows:

Bl=ci t o te3tcgtes+ @1+ B2+ B3)>0.

B2 =c3eq +ezes T 3 F5B1 + ealfp1 + esPiB1 + 3 5B + eal¥pa + es B2 + 52B1B2 + ca B3 + es B3t
I2B1B3 + I52B2B3 + cales Fea +es + 5B1 +B3) Fer(ea + o3 +ea +es + 152 + 83) >0.

B3 =cicpez tc1caeq tcrezes + caczeq + creaes + ciezes + eaezes + 020312[31 + czc41j[31 + c3c41j[31
cresliB1 + ezes i1 + IXSB‘VB% +c1e3liB2 + crealiifa + czcaliB2 + cresIip2 + c3es B2
FESTBE + 3 ¥2B1p2 + cali2B1B2 + esI52B1B2 + crea B3 + creal’Bs + caca i3 + cres I3
coes B3 + IESHVBE + o ¥2B1B3 + cal52B1B3 + esI¥2B1B3 + o1 I52R2Bs + cal¥PBaps + s I¥2B2R3
*3B1B2p3 > 0.

B4 =cieaczes T creaczes T eaesealiB1 + cacses iB1 + 2 LBISHy + 3 LiBISgy + ciczealip2
cq 03051382 + clljB%STV + cgljB%STY + c3c4[jz[5182 + C3C5[j2‘31‘32 + IEZBIBZV(S;;BI
STBZ) + 0102041;';[33 + 0102051283 + 011;';[3%502"\( + czIZB%SjY + 02041228 183 + 02051;';2[3183
E2B1B3Y(SER1 + S3B3) + creal?B2ps + cres 52 R2ps + A2 B2B3y(sTR2 + S3B3) + ca i3 B1B2B3
esI¥3B1B2R3 + Iiskaip B2y + FisTazp2psy > 0.

Bs5 = C4cslj3[3 18283 + Ijz(c3B 1B2y(S5B1 T STB2) T+ c2B1B3V(SyB1 + S3B3) + c1B2p3(STB2 + S3B3)y+
(Spal + STa2)B1B2B3Y) + L4 (Sga1B1(c3B2 T a2B3)y + c1c2B3(S3B3Y) T c1B2(c3sTB2y + STa2p3y)+
c2c3BTSEY) > 0.

+ + + +

+ + + +

The Hurwitz—Routh criterion [29] states that the polynomial (27) has all five roots be either negative or have roots
with negative real parts if and only if the determinants of all Hurwitz matrices Hy, H», H3, Hs, Hs are positive, i.c.,

[H; | >0 for i=1,23,4,5. (28)
) By 1 ) ( Bl 1 0 0
(B L =B B 0 "By B2 B : and
where Hy = (B)), H, = ) By '3 P2 By Hy = \B. Bs By B2
R, Bs B, p 5
3 O 0 Bs B4
BL 1 0 0 0
B By B 1 0
Hﬁ == Bﬁ 84 83 BZ Bl
0 0O B B B
\ 5 4 3
0 0 o0 0 Bs
The determinants of the Hurwitz matrices are given as follows:
IH | =5.
|H | =B By — Bs.
|H | =-B5 - B{Bs + Bi(B.Bs + Bs). (29)
|H | = -B4(-B1B2Bs + By + B{Bs) + (-B1B; + B2B; + 2B1B4)Bs — B;.
|H | =-Bs(Bs(~B1B2B3s + B2 + BBs)— B2B3Bs + Bi(B5 — 2B4)Bs + B?).
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But the EE point P; exists if Ry > 1 and hence P; is LAS if Ry > 1 and satisfies the conditions | H; | > 0,
i=1,2,3,4,5. o

5.2. The analysis of P1’sglobal stability
In this part, the global asymptotic stability (GAS) of endemic equilibrium (EE) point is analysed.

Theorem 7. If Ry > 1, the EE point Py is GAS if P < Q. The expressions of P and Q are specified in the proof.

Proof. Let us create a suitable Lyapunov function as follows:

_ * * SE.; * * * * SZ*
L(So, 81,82, 83, E, Ia, Is) =[S0 — S5 + 5 ng(S—U)] +[S — Sf + 5] log( )] T[S -S4+ 53 log(S—)]
2

S* i
+ [S -5t + St log(—")] Y [E — E*  E* log(E)] +14— 15+ 1% log(l—A)]
A

:‘
+ s — I+ IE log( )]
(30)

Then
dL _ So— S[*;)(ISU 51— S*)dSl 85 — S*)(ISZ S — S*)dSq
dit - So dt M S S3 dt
E—E*dE 1,—1T; (HA Is— I d;S
)— +(
E dt [A I

_ S —
= (A= B1Sods — c1So)( US U)‘HOHSU — BaSiy — e S)(—
|

+ (

5i) 31)

*

- 5
>)

)+ (035> — "‘;'5?)(

+ (@281 — B3Saly — C%Sz)(

3

— E* — I
Y+ E — esI)(A S).

)+(5 Iy *Cﬁfs)(

A .S

T ((Bi1So + BaSi + B3So)ly — C4E)(
Using the endemic equilibrium point P; in (1), we get,
A-BSG —c1S5=0.
a 153 - BQSTIZ - CQST =0.
quT - B3S’2'TAK - C3S§ =0.
0385 - ¢Sy =0. (32)
(B1 S5 + BaST + B3SO —caE* = 0.
YE* —c¢sIh = 0.
61[:1( - 66125 =0.
and using (32) in (31), we get,
dL
— =P —-Q.
dt Q (33)
where

= [Bi(I3 S0+ 14S5) + Bo(I3S) + 1457) + (5051 + 8587 + (5152 + 875

+ £S5 2(IAS* + 5s) + —(SzSa T S557) + B1So T B2Si T+ B3S)Ly

Sy T B.ST B8 + H(EIA + E*T) + E(IAIS + L)1
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pili +c
So

0 = [(So — $)° ( ) + B1 (1385 + LuSo) + (S —ST)Z(

Bsly+c3
S

pal} +Cz)
S

* ok o) * . .2
+ Ba (LS + LiSy) + ?,(5051 +8518)+ (S5 - S3)
1

a S3 o
© L5153+ 5,50+ L8+ 155D+ (85— 5+ 2557 + 555
.52 .52 -53 -53

¢ I E* €s
+(E = ET 4 (B1So + BaSi + B3 S2) + (B1SS + ST+ By SDIG + (L~ I
A
¢ 3
+ 11 (EL; + E*14) + !—6(15 -1+ [—1(1A I3+ Ils)]. (34)
A S s

and with P >0 and Q >0. Thus L' =P - Q <0iff P < Q and L =0 ifand only if S; = S¥, E = E*, I, =

Ij, Is = Iffori = 0,1, 2,3. The EE point P, exists if and only if R, > 1, and the singleton set { P, } is the biggest

compact invariant set in {(So, S1, S2, S3, E, Iy, Is) € A : 25 = 0}. According to LaSalle’s invariance principle [56],

di
the EE point {P1} is GASin Aif P < Q. 0O

6. Bifurcation analysis

The Castilla-Chavez and Song [33] approach is used to study the bifurcation nature of system (1).

Theorem 8. The system (1) hasforward bifurcation at 31 = BT (i.e. at Ry = 1) whenever a < 0, where expression
for BY and a are given in the proof.

Proof. Let S; =x;+1 fori =0, 1,2,3, E =xs5, Iy =x6, Is = x7. The transformed system becomes
x-1 = A_B]X]X6 —Ci1X1.
x.z =dix; — Bzxzxs —C2X2.
X377 Oaxy — Baxsxe — €3X3.
X4= O3x3 — Exa. (35)
x5= (Bix1 + Baxa + Baxs)xs — caxs.
xls =YX5 —C5X6.
x7=81x6 — CexX7.
where ¢; =a;+§ c2 = a2+, ¢3 =az+&, ca =y *+§, ¢5s =0, +02+&, ¢¢ = 01 +02 +§. The transmission rate

of the non-vaccinated susceptible population is considered as the bifurcation parameter with the restriction Ro = 1.
Hence we get
C1Cac3¢40s — Y Acsay By — vy Adayoa s

BT = : (36)

y Acacy

. I . _ A
The transformed system has the disease free equilibrium point Po = (x9,x9,x9,x9,x2,x2, x9), where x¥ = £,

1
0 = Aoy 0 = Awjey 0 = Awjopes 0 — 0 = 0 = ; ; ; : et
X3 T Lo X3 T SES X T Flae e X5 = 0, x5 =0, x7 = 0. J(Po), provided in Eq. (13), is the linearisation

matrix of the transformed system at Py. At B1 = B{(Ro = 1), the jacobian of system (35) has one zero eigenvalue,
while the other eigenvalues have a negative real part. As a result, the dynamics of the transformed system near
B1 = Bi(Ro = 1) are studied using the central manifold theory [33]. The necessary calculations as per the central
manifold theory [33] is as follows. W = (Wi, W2, W3, W4, Ws, W, W7)7 is the right eigenvector for J(Py) when
Ro = 1 is computed using J(Po) - W = 0 and hence

_ yAMesaifa + a1aafs) — creacseacs _ @ (creaezcacs YALe ¢ 3B 2 + 30 By+-0,05B3)) w

1 3 Ws, Wy = 1 2 55
C1C2C305 (= C5c3C5 -
_ a0z (creacscacs ¥ YA(cre3Bo + c3a1 B2 + creaPBs + 0102B3)) ¥ Vo,
Ws =~ 2.2.2 Ws, We = —Ws, W7 = w
C1C5C3C5 Cs Cs5C6
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Fig. 2. Bifurcation plot showing the bifurcation point BT(RO = 1) = 0.29325 at which the forward bifurcation occurs with parameters values
from the Table 5.

_ im0 (creacseacs + YA(c1esBa + e3Py + crcaBs + 010aBs)

W —
) §eteseics
V=(V1, V2, V3, V4, Vs, Vs, V7) is the left eigenvector of jacobian matrix J(Po) when Ry = 1 is computed using
V.J(Pg) = 0 and hence we get, v; = 0 for i = 1,2,3,4,7, v¢ = %vs. Then, Vs is calculated to ensure that
condition V.W = 1 is met and hence Vs = m and V¢ = m The bifurcation coefficients are given by
7 3% fi(Po. B7)
a= Viww,; ———— 1
o dx;dx;
kiij=1 J
2 * 37
7 0 fi(Po,B1)
b = LA —
kij=1 ' 0x; 9B |
The following expressions give the bifurcation coefficients a and b after simplification
_ 2Ws(yAcacieacsaiBa + YAcacscacsadaBs = Y2 A2e30000B0Bs = y2\2¢20100B5 = crc3e3eied = v2A2c3a1B3)
“r /\clcgcgcs (cq + ¢5) : (38)
A
b= Y2 S (39)
ci(cs +cs)

As a result, when a < 0, the system (1) at Rp = 1 experiences forward bifurcation. In forward bifurcation, when
Ry > 1, an unstable disease-free equilibrium coexists with a stable endemic equilibrium point. ©
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Fig. 3. Sensitivity index plot of (A) The parameters with positive sensitivity index, and (B) The parameters with negative sensitivity index.

7. Analysis of sensitivity

A sensitivity study was performed on the system (1) to see how different factors affected OMICRON variant
disease transmission in the Indian population. The parameters that have a substantial impact on the system (1)’s
BRN are highlighted in this analysis. The health authorities can better manage the spread of the disease by analysing
the parameters in relation to the BRN. Sensitivity analysis helps with experiment design, data assimilation, and
reduction of complex non-linear models. The normalised forward sensitivity indexof Ro that depends differentiably

on a parameter mis defined as I'R0 = 2R m Here R = rdlficatbactfeia) where ¢y = 0 +&, ¢, = 0y + &,
im R 103045
c3 =03+, cs =y +&,cs =01 +0, +&. Then the sensitivity index of Ry that depends on various parameters
B Ry _ Ry _ 0.6484 Ry _ 0.48f5
of the system (1) is given as follows. I'\® = 1 > 0, I'Y * = gsgiroeas, = 0 Ly = Gamross > 0
rRo = 0.363 > 0. TR0 = — EQ44824£03856+£0869+£(14214(1034366)) o o TR0 = 034246515x 1070y 0
B3 052840 353 > g 0.063+£(0 G408+E(2 6846+E (5 T39-+E(6 T3+E (3 1HE))) >ty 03+y ’
; : s —16 . —16
Ry — _ 81 o Ry — _ & Ro — _ (0.82941243.55271x 10" Capyery Ro = _ (01841509910 ap)ay
3 s <0 Ly s <0 Lq, (0 3+a (1 12941 +a) 0, ez (0 3+a2)(0.48+a2) 0,
" " 5 —16
TR0 = — (0:090909142.74528x 10 Kooy )

(0 303 )(0 39090903 )
From Fig. 4(B), the sensitivity indexof B2, say Fffzo = Fg“zo = %ﬁ% is approximately 0.3 for B2 = 0.4. The
physical meaning of this positive sensitivity indexof B, is that increasing (or decreasing) B> by 10% increases (or

o . e R0 — _ (0.0909091+42.74528x 10~ Caz)a; .
decreases) R, value by 3%. From Fig. 4(J), the sensitivity indexof a3, say I'gs 0 3+a3)(0 390909+a3) 18

approximately —0.06 for a3 = 0.6. The physical meaning of this negative sensitivity indexof a3 is that increasing
(or decreasing) a3 by 10% decreases (or increases) Ry value by 0.6%. A highly sensitive parameter must be carefully
estimated, as a very small variation in that parameter will result to large quantitative changes to the system (1).

From Fig. 3(A), it is evident that the parameter with the most positive sensitivity index relative to Ry is Bi,
the infection transmission rate among the non-vaccinated susceptible population. The remaining parameters with
positive sensitivity are B»,B3 and y arranged from most sensitive to least sensitive positive index.

From the Fig. 3(B), it is seen that the most sensitive parameter among the parameters with a negative sensitivity
index is 81, the proportion of the asymptomatic infected population who develop symptoms of the disease and &3,
the recovery rate of asymptomatic infected individuals. The remaining parameters with negative sensitivity are di,
a, and a3 arranged from most sensitive to least sensitive negative index.

By examining Ro’s sensitivity indices in relation to various parameters, it is reasonable to conclude that disease
transmission rates B, B2 and B3 with positive sensitivity indices should be minimised to keep the disease from
spreading. Furthermore, vaccination administration rates, specifically ai, a, and a3 with a negative sensitivity index,
should be maximised to prevent the spread of the disease in society.

Solution trajectories for the infected populations, namely /4 and Is, are plotted for distinct values of parameters
with the same preliminary conditions to identify the sensitive parameters of the system (1). The parameters in the
Table 1 with preliminary conditions Sp(0) = 10, S1(0) = 9, S2(0) = 8, S3(0) = 7, E(0) = 6, 14(0) = 5,Is(0) = 4
are used to numerically simulate system (1). For different values of the disease transmission rate, say f1 = 0.3, 0.5
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Fig. 4. The plot of the sensitivity indices of Ro depends on (A) The disease transmission rate of non-vaccinated susceptible population By,
(B) The disease transmission rate of dose-1 vaccinated susceptible population B2, (C) The disease transmission rate of dose-2 vaccinated
susceptible population B3, (D) O;, the proportion of infected but asymptomatic individuals exposing symptoms, (E) The recovery rate of
asymptomatic infected individuals from the disease &», (F) The rate of exposed individuals who are asymptomatic to the disease y, (G)
¢, each population’s natural death rate, (H) The dose-1 vaccination rate o; administered to non-vaccinated susceptible population, (I) The
dose-2 vaccination rate a> administered to dose-1 vaccinated susceptible population, (J) The booster dose vaccination rate a3 administered
to dose-2 vaccinated susceptible population.

and 0.7 of the non-vaccinated susceptible population, So, the time series of infected human populations are plotted
in Figs. 5(A) and 5(B), respectively. The figures clearly show that the number of infected cases in both populations
increased as ;1 levels increased. As a result, the disease transmission rate §; among the non-vaccinated susceptible
population is crucial to the disease’s spread.

Figs. 6(A) and 6(B) show time series of asymptomatic infected and symptomatic infected human populations
for different values of the disease transmission rate among the dose-1 vaccinated susceptible population S;, such as
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Table 1

Description of the model parameters.

Parameter

Description

A
Bi
B2
B3
a1
a2
a3
3
\
o1
&2
o1
02

The non-vaccinated susceptible population’s recruitment rate.

Non-vaccinated susceptible population’s infection transmission rate.

Disease transmission rate of dose-1 vaccinated susceptible population.

The disease transmission rate of dose-2 vaccinated susceptible population.

The rate of dose-1 vaccination given to non-vaccinated individuals.

The rate of dose-2 vaccination given to dose-1 vaccinated individuals.

The rate of booster dose vaccination given to dose-2 vaccinated individuals.
The proportion of death in all populations.

The proportion of the exposed population who are infected without symptoms.
The proportion of the asymptomatic infected population who develop symptoms of the disease.
The recovery rate of asymptomatic infected individuals.

The recovery rate of symptomatic infected individuals.

The disease-induced death rate of symptomatic infected individuals.
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Table 2

Sensitivity values of Ro.
Parameters A B1 B2 B3 aj a2 a3 4 \% O [
Sign of sensitivity index of Ro + + + + - - - - + - —

(A) (B)

Fig. 5. A plot of the infected populations I, and Ig over time for B; = 0.3,0.5,0.7.

.,‘l
4
3
3

(A)

()]

Fig. 6. A plot of the infected populations I, and Is over time for B, = 0.3,0.5,0.7.

B2 = 0.3, 0.5, and 0.7. The increase in 3, increases the number of infected cases in both populations, as seen in the
figures. As a result, the disease transmission rate 3, within the dose-1 vaccinated susceptible group S is critical to

the disease’s spread.

Figs. 7(A) and 7(B) show time series of asymptomatic infected and symptomatic infected human populations
for different values of the disease transmission rate among the dose-2 vaccinated susceptible population S,
i.e., B3 = 0.3, 0.5, and 0.7. The figure shows that the total infected cases in the I4 and Is populations do not
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1

(A) (8)

Fig. 7. A plot of the infected populations I, and Ig over time for B3 = 0.3,0.5,0.7.

(A) (B)

Fig. 8. A plot of the infected populations /4 and Ig over time for a; = 0.3,0.5,0.7.

(A) (=)

Fig. 9. A plot of the infected populations /4 and /g over time for ar = 0.3,0.5,0.7.

change much when 3 increases. As a result, the disease does not spread rapidly among the susceptible population
who have received both vaccine doses. This emphasises the importance of administering two doses to a susceptible
population.

Figs. 8(A) and 8(B) show time series of asymptomatic infected and symptomatic infected human populations
for different values of the dose-1 vaccination rate among the non-vaccinated susceptible population Sy, such as
a; = 0.3, 0.5, and 0.7. The figures clearly show that when the dose-1 vaccination rate rises, the number of infected
individuals in both populations drops. As a result, the dose-1 vaccination rate among the non-vaccinated susceptible
population Sy is critical in limiting disease spread.

Figs. 9(A) and 9(B) show time series of asymptomatic and symptomatic infected human populations for distinct
values of the dose-2 vaccination rate within the dose-1 vaccinated susceptible population S;, such as a, = 0.3, 0.5,
and 0.7. The rise in the dose-2 vaccination rate d» reduces the number of infected cases in both populations, as
seen in the figures. As a result, the dose-2 vaccination rate among the dose-1 vaccinated susceptible population S
is critical in limiting disease spread.

Figs. 10(A) and 10(B) show time series of asymptomatic and symptomatic infected human populations for
various values of the booster dose vaccination rate among the dose-2 vaccinated susceptible population S>, such

756



741-766

(B)
(A)

Fig. 10. A plot of the infected populations 74 and Is over time for az = 0.01, 0.3, 0.95.

(A) (B)

Fig. 11. A plot of the infected populations /4 and Is over time for &; = 0.3,0.5,0.7 and &, = 0.3,0.5, 0.7 respectively.

as az = 0.01, 0.3, and 0.95. It is apparent from these data that are increasing the booster dose vaccination rate a3
in the dose-2 vaccinated susceptible population S> reduces the number of infected cases in both the populations
14 and Is. These results demonstrate the relevance of delivering the booster dose vaccine in addition to the dose-2
vaccination among S .

Figs. 11(A) and 11(B) show the time series of asymptomatic infected and symptomatic infected human
populations for various values of the parameters, &; = 0.3, 0.5, 0.7 and &, = 0.3, 0.5, 0.7, respectively. The
asymptomatic infected population /4 drops steadily whenever the rate of infected individuals showing signs of
the disease O increases, as shown in Fig. 11(A), and hence, disease spread is minimised. Fig. 11(A) emphasises
the need to employ suitable testing methods to detect asymptomatic infected persons. The symptomatic infected
population Iy is steadily reduced as the rate of infected persons without symptoms recovered from the disease O
increases, as shown in Fig. 11(B).

8. Parameter estimation

The following values of parameters are used to analyse the effect of the OMICRON variant virus in India using
our proposed mathematical model. The following approach is employed to estimate some parameter values and the
preliminary values of eight populations. According to the most recent WHO data published in 2018 [10], males
have a life expectancy of 67.4 years, and females have a life expectancy of 70.3 years, for a total life expectancy of

68.8 years. As a result, each population’s natural mortality rate ¢ is estimated to be Wlmx = 0.00004 deaths per

day. According to UNICEF [11], there are approximately 70000 births per day in India. Therefore the recruitment
rate A is assumed as 70,000 births per day. The values of the parameters a;, d,, and a3 are determined based
on the vaccination administration speed, whereas B, B2, and B3 are chosen hypothetically and adjusted using the
least square approach to fit our model with accurate data. The incubation period for COVID-19 disease caused by
the Omicron variant virus is 2 to 4 days [12]. As a result, we assume that our model’s incubation time is three
days, resulting in the value of the y = % = 0.33 exposed individuals infected every day. Patients with COVID-19
caused by an omicron variant usually recover after five days [13]. As a result, &, is considered % = 0.2 infected
persons recovering per day. To fit our model with actual data, the parameters &1, 01, and O are set hypothetically
and changed using the least square approach.
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Fig. 12. (A) The local stability of Po of the omicron model (1) for Ro < 1, (B) Global stability of disease free equilibrium shown in
So = I4 — Is phase space for Ro < 1, (C) Susceptible population without vaccination (So) against infected & asymptomatic population (I4)
over time ‘t’ for Ro < 1, (D) Susceptible population without vaccination (So0) against infected & symptomatic population (Is) over time
‘t’” for Ro < 1, (E) Susceptible population & vaccinated with dose-1 (S1) against infected & asymptomatic population (/4) over time ‘t’
for Ro < 1, (F) Susceptible population & vaccinated with dose-2 (S2) against infected & asymptomatic population (I4) over time ‘t’ for
Ro < 1, (G) Susceptible population & vaccinated with dose-1 (S1) against infected & symptomatic population (Is) over time ‘t’ for Ro < 1
and (H) Susceptible population & vaccinated with dose-2 (S2) against infected & symptomatic population (/s) over time ‘t’ for Ro < 1.

9. Numerical analysis

This section carried out simulation tests to verify the analytically derived results. The proposed OMICRON
model (1) has been subjected to simulations portraying local and global stability. The parameter values are taken
from the Tables 4 and 5, respectively, for Rp < 1 and Ry > 1.

The DFE point Py(SY, S9, 89, 89, E°, 19, 19)’s global and local stability has been numerically simulated and
depicted in Fig. 12. The disease free equilibrium is found to be Po(3.33, 2.5, 1.5625, 2.60417, 0, 0, 0) and
Ry = 0.9 < 1 using the parameter values from Table 4. Hence for various initial conditions on the state variables
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Fig. 13. (A) The LAS of P1 of the omicron system (1) for Ro > 1, (B) GAS of P1 shown in So — Iy — Is phase plane for Ro > 1, (C)
Susceptible population without vaccination (So) against infected & asymptomatic population (/4) over time ‘t’ for Ro > 1, (D) Susceptible
population without vaccination (So) against infected & symptomatic population (Ig) over time ‘t> for Ro > 1, (E) Susceptible population
& vaccinated with dose-1 (S1) against infected & asymptomatic population (/) over time ‘t” for Ro > 1, (F) Susceptible population &
vaccinated with dose-2 (S2) against infected & asymptomatic population (I4), (G) Susceptible population & vaccinated with dose-1 (S1)
against infected & symptomatic population (/s) over time ‘t’ for Ro > 1 and (H) Susceptible population & vaccinated with dose-2 (S2)
against infected & symptomatic population (/) over time ‘t’ for Ro > 1.

near the equilibrium point Po, it is seen from the Fig. 12(A) that lim So(¢) = S§ = 3.33, lim Si(¢) = S9 = 2.5,
t— t—

lim S,(¢) = 89 = 1.5625,IlimS3(t) =8 = 2.60417,I lim E(t) = E° = O,I liml,(t) = 19 = 0 and

Pore=s Se S Se

lim Is(¢) = I2 = 0. From Fig. 12(C), it is seen that the populations So(#) and I4(¢) converge to S = 3.3 and

t—

19 = 0 respectively as + — <« for initial points of state variables near Po. Similarly from Figs. 12(D), 12(E),
12(F), 12(G) and 12(H), it is seen that the state variables (So(?), Is(¢)) — (S9,12) = (3.33,0), (S1(2), L4(¢)) —
(89,19 = (2.5,0), (S2(8), Ls(2)) — (89,19 = (1.5625,0), (S1(2), Is(2)) — (S9,12) = (2.5, 0) and (S2(¢), Is(2)) —
(89,19) = (1.5625,0) as t — = respectively whenever the initial populations are chosen near Py. As stated in
Theorem 3, the local stability of Py whenever Ry < 1 is verified. From figure Fig. 12(B), it is noticed that for any
initial conditions on the state variables So(¢), I4(¢) and Is(¢) in Ay, the solution trajectories (So(?), L4(t), Is(t)) —
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Table 3

Parameter values with assumed and real field values wused in
constructing the Figs. 14—17.

Parameters Values Source

A 70000 [11]

al 0.0085 assumed

a2 0.012 assumed

a3 0.0001 assumed

Bi 2 x 10710 assumed

B2 2 x 10710 assumed

B3 1 x107° assumed

Y 0.33 [12]

o1 0.0012 assumed

o2 0.2 [13]

o1 0.1 assumed

02 0.00001 assumed

g 0.00004 [10]
Table 4
Parameter values for constructing Fig. 12.
Parameters A B B2 B3 ai a as 3 v o1 & o1 02
Values 3 0.6 0.3 0.2 0.6 0.5 0.5 0.3 0.3 0.7 0.7 0.3 0.4
Table 5
Parameter values for constructing Fig. 13.
Parameters A B1 B2 B3 aj a a3 14 \% o1 [ o1 o2
Values 5 0.6 0.3 0.2 0.6 0.5 0.5 0.3 0.3 0.7 0.7 0.3 0.4

(89,19, 19) = (3.33,0,0) as + — oo. This convergence can be verified for all possible ordered triples out of the
seven state variables. As stated in Theorem 5, Py is GAS in A; whenever Ry < 1 is verified.

The global and local stability of the endemic equilibrium Py (S;, ST, S3, S5, E*, I';, I¥) has been numerically
simulated and portrayed in the Fig. 13. The endemic equilibrium point is found to be P;(3.9933, 2.45477, 1.33795,
2.229917, 3.32537, 0.58683, 0.410781) and Ry = 1.5 > 1 using the parameter values from Table 5. Hence for
various initial conditions on the state variables near the equilibrium point P;, it is seen from the Fig. 13(A) that
,l_if?os‘)(t) = S5 = 3.9933, [llrgloSl (t) = ST = 2.45477, ll_igloSz(t) = 57 = 1.33795, ,11%53(0 = S8} = 2.229917,
,ILHQOE(’) = E* = 3.32537, ,l_i%[f‘(t) = I = 0.58683 and llilpooIS(t) = I§ = 0.410781. From Fig. 13(C),
it is seen that the populations Sy(¢) and I,(¢) converges to Sy = 3.9933 and I; = 0.58683 respectively
as t — oo for initial points of state variable near P;. Similarly from the Figs. 13(D), 13(E), 13(F), 13(G)
and 13(H) it is seen that the state variables (So(?), Is(¢)) — (S5, I5) = (3.9933,0.410781), (S1(¢), Ls(t)) —
(ST, %) = (2.45477,0.58683), (S2(¢), Ly(¢)) — (S3, 5 = (1.33795,0.58683), (Si(¢), Is(t)) — (ST, 15) =
(2.45477,0.410781) and (S2(2), Is()) — (S5, I5) = (1.33795,0.410781) as t — oo respectively whenever the
initial populations are chosen near P;. Further the necessary and sufficient conditions stated in the Theorem 6, say
|H\ | = B =5.44551 >0, |Hy| =48.2477 >0, |H3| =336.786 >0, |Hs| =902.45 >0 and |Hs| =355.561 >0
with By = 5.44551 > 0, B, = 10.5008 > 0, B3 = 8.93463 > 0, B4 = 3.25204 > 0, Bs = 0.393995 > 0,
are satisfied. As stated in Theorem 6, the LAS of the point P; is verified whenever Ry > 1. From Fig. 13(B), it
is noticed that for any initial conditions on the state variables So(¢), 14(¢) and Is(¢) in A, the solution trajectories
(So(2), Ly(8), Is(t)) — (S&, Iy, I$) = (3.9933, 0.58683,0.410781) as ¢t — oo. This convergence can be verified for
all possible ordered triples out of the seven state variables. As stated in Theorem 7, it is verified that P; is GAS in
A when Ry > 1.

According to WHO data as of December 28th, 2021, the initial susceptible vaccination populations of dose-1
and dose-2 and active OMICRON:-infected populations are assumed to be S1 = 254121172, S, = 585974301,
Is = 80621, respectively. The remaining initial populations are hypothetically chosen for numerical simulation as
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Table 6
Real confirmed COVID-19 infected cases in the Indian population.
Date 29-12-2021 30-12-2021 31-12-2021 1-1-2022 2-1-2022 3-1-2022
Active cases 86158 95214 109995 130000 152690 179098
Date 4-1-2022 5-1-2022 6-1-2022 7-1-2022 8-1-2022 9-1-2022
Active cases 210261 280409 300000 468419 586858 720580
Date 10-1-2022 11-1-2022 12-1-2022 13-1-2022 14-1-2022 15-1-2022
Active cases 835000 951560 1113769 1268309 1414025 1500000
Date 16-1-2022 17-1-2022 18-1-2022 19-1-2022 20-1-2022 21-1-2022
Active cases 1652538 1732831 1827199 1920244 2000000 2109548
Date 22-1-2022 23-1-2022 24-1-2022 25-1-2022 26-1-2022 27-1-2022
Active cases 2183398 2245489 2233040 2200000 2198632 2101766
Date 28-1-2022 29-1-2022 30-1-2022 31-1-2022 1-2-2022 2-2-2022
Active cases 2000490 1881088 1800000 1739187 1617723 1530050
Date 3-2-2022 4-2-2022 5-2-2022 6-2-2022 7-2-2022 8-2-2022
Active cases 1400000 1327735 1221091 1105009 990968 900000
Date 9-2-2022 10-2-2022 11-2-2022 12-2-2022 13-2-2022 14-2-2022
Active cases 786833 693839 606474 533102 450000 419148
Date 15-2-2022 16-2-2022 17-2-2022 18-2-2022 19-2-2022 20-2-2022
Active cases 366256 328933 288099 250000 220186 198128
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Fig. 14. The BRN Ro plotted against (a) dose-1 vaccination rate a;, (b) dose-2 vaccination rate d;, (c) booster dose vaccination rate a3,
(d) disease transmission rate of non-vaccinated population B;, (¢) disease transmission rate of dose-1 vaccinated population B2, (f) disease
transmission rate of dose-2 vaccinated population B3, (g) rate of exposed population who are asymptomatic y, (h) rate of asymptomatic

infected population become symptomatic to disease &;, (j) rate of asymptomatic infected population getting recovered 0.

follows: So = 520000000, S3 = 10000, £ = 15000000, I, = 15000000, and R = 5000. Table 6 summarises the
real-time symptomatic infected populations from 29th December 2021 to 20th February 2022.

The infected population /s of the model (1) fits well with the real confirmed infected cases in India from the
Table 6 with the parameter values estimated as in the Table 3, as shown in Fig. 15(b).

The infected populations Iy

and Is of the model (1) decrease when the booster dose vaccination rate O3

increases, as shown in Figs. 16(a) and 16(b). The asymptomatic infected population /4 and the symptomatic infected
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Fig. 15. Fitted with real data from Table 6 and values of parameters from Table 3, plot of (a) asymptomatic infected populations (/4) and
(b) symptomatic infected populations (Is) against time t.

Tima Tima

Fig. 16. A plot of the infected populations I, and /s over time various values of the booster dose vaccination rate a3 among the dose-2
vaccinated susceptible population S2 and disease transmission rate B3 of dose-2 vaccinated susceptible population S2.

population /s steadily increase when the disease transmission rate 33 among dose-2 vaccinated individuals increases,
as shown in Figs. 16(c) and 16(d).

From Figs. 17(a) and 17(b), it is seen that the populations/4 and /s of the model (1) increase when the infection
rate y of the exposed individuals E increases. From Figs. 17(c) and 17(d), it is seen that the infected populations
14 and Is of the model (1) are reduced when the rate of recovery 8, of thel4 population increases. Therefore, rapid
recovery of the Iy population from the disease is crucial to reducing the rapid spread of the disease.

10. Conclusion

A COVID-19 mathematical model was developed for studying the disease transmission dynamics in India when a
vaccination program is underway and the omicron variant of the coronavirus is dominant. According to the research,
the Omicron system (1)’s DFE is LAS when the basic reproduction number is below one but unstable otherwise. The
stability of the equilibrium points was tested after the basic reproduction number, Ry, was computed. The system
(1) exhibits forward bifurcation at Ry = 1 when a < 0(38). The sensitivity parameters were calculated using the
notion of normalised forward sensitivity. The time-series graphs for various populations with assumed parameter
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Fig. 17. For different values of the infection rate y and the recovered rate from the disease of asymptomatic infected persons 82, a time-series
graph of asymptomatic infected and symptomatic infected populations is shown.

values are created in the numerical analysis section to validate the results of the stability theorems. Different model
parameters are determined based on current omicron variant transmission among various susceptible populations,
divided into groups based on vaccination dosage. The estimated values are used to examine variations in the value
of the threshold parameter, Ro, to the model’s most essential parameters. The sensitivity analysis is performed, and
the most sensitive parameters are identified. The numerical experiments are carried out using estimated parameter
values for real infected cases in the Indian population during the omicron variant virus transmission and vaccination
drive in India, and it is found that the model (1)’s symptomatic infected population matches the real infected data
well. Finally, some of the key estimated parameters are examined using time series graphs of the model (1)’s infected
populations. In future research, we will look at this model with a non-human reservoir compartment for the omicron
virus, investigate its dynamics, and compare the results to real-world data.
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